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Introduction 

In my previous paper |2| with I. M. Singer, B. Wong and Stephen Yau, I gave a lower estimate 
of the gap of the first 2 eigenvalues of the Schrodinger operator in case the potential is convex. In 
this note we note that the estimate can be improved if we assume the potential is strongly convex. 
In particular if the Hessian of the potential is bounded from below by a positive constant, the gap 
has a lower bound independent of dimension. We also find gap when the potential is not necessary 
convex. 

1 Convex potential 

Let Ai and A2 be the first and second eigenvalues of the operator A — V^, and ui and U2 be their 
corresponding eigenfunctions: 

(1.1) Aui -Vui = -Xiui, 

AU2 - VU2 = -A2M2- 

It is well known that the first eigenfunction ui must be a positive function (a theorem of Courant). 
On the other hand, the second eigenfunction changes sign since / U1U2 = 0. Therefore U2 changes 
sign. 

One can estimate A2 — Ai by the following formula: 

Here, we take another approach to derive the estimate on A2 — Ai. 

Since mi > 0, m = ^ is a well-defined smooth function on fl. Using the Hopf lemma and the 
Malgrange preparation theorem, one has the following 

Lemma i.i. u = — is smooth up to the boundary. It satisfies the Neumann condition on the 
boundary. 
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When (II. Il l are Neumann problems, Lemma fTTTl is trivial, when (II. Il l are Dirichlet problems, we 
argue in the following way. 

Note -§^ui lao 7^ 0. Therefore, by using the equation, 
(1.3) Au = 5 2Vlnui-VI — 

Ui Ui \Ui/ 

UiAu2 — U2AU1 



- 2Vlnui • 
_(A2-Ai)^-2Vlnui.vf— ) 

Ul \Ul/ 

-(A2 - Ai)u- 2Vlnui • Vu. 



We have the Neumann boundary condition ^|asi — 0. Let 



(1.4) (fix = — Inui 



so that 



(1.5) Au = -{X2- Xi)u + 2Vipi-Vu. 

Theorem l.l. Suppose the Ricci curvature ofil is nonnegative and dQ is convex, and 

r Au = -(A2-Ai)u + 2M^-Vu 
(1-6) < Q 



where W is a vector field such that 



(1.7) W,,, >J^>0 



then 



where 0{P) = sin ^ . ^ andQ < /3 < \/2 arbitrary. 



Proof. Consider 



(1.9) = |Vu|^ +0^2 witha > 0. 



By computation, we have 



(1.10) Fi — 2ujUji + 2auui, 
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(1.11) AF = Fa = 2ujiUji + 2ujUjii + 2auiUi + 2auuu 

= 2 \Wuf + 2Vu ■ VAu + ^ RijUiUj + 2a \Vuf + 2auAu 

= 2 |VVu|^ + 2Vm • V(-(A2 - Xi)u - 2W ■ Vm) + ^ R^JU^Uj 

+2a \Vuf + 2au{-{X2 - Xi)u - 2W ■ Vu) 
= 2 \VVuf + J2RijUiUj - 2((A2 - Ai) \Vuf 

+ + Wj,i)uiUj + 2 ^ WiUijUj'^ 

+2a \S/uf - 2a((A2 - Ai)u^ + 2uVT4^ • Vu) 
= 2 |VVu|^ + ^RijUiUj - 2(A2 - Ai - a) \Vuf 

+2 ^{Wij + Wj,i)uiUj - 2a{X2 - Xi)u^ + 2W ■ VF. 

IfRij > Oand 



(1.12) ^'.^-Vl' 
then 

(1.13) AF-2W-VF > 2\VVuf -2(^X2- Xi-a-2^y\/uf 

-2a{X2 - Xi)u^. 

First, we need to derive a universal lower bound for A2 — Ai. 
(1) Let a = 0. 

If F attains the maximum at the boundary point, say xq, then ^F{xo) > 0. 

Take a local orthonormal frame (ei, . . . , e„) near xq such that v = e„. From the definition of 
Hessian and second fundamental form, we have 



(1.14) Uin = e^enU - (Ve,e„)M 

= — (Veie„)u since Wj/ = 

ri-l 

(1.15) F^ = 2j2ujUj^, 

3 

< by the convexity of dCl. 
This implies that ui = . . . = = 0, hence Vu = at xq. Therefore, we have 

F = 0. 

Thus M is a constant which is impossible. 
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If F attains the maximum at the interior point, say xq, then Vu{xo) ^ 0. Otherwise, we have 
the same conclusion as above. 

At xq, 

(1.16) > AF(a;o) 

> 2|VVw|^-2(A2-Ai)|Vm|^ 

+A^\Vuf since VF(a;o) = 0. 
The last inequaUty is equivalent to the following: 

(1.17) ((A2 - Ai) - 2^1) \Vuf > I VVwp > 0, 
which says that 

(1.18) (A2 - Ai) > V2^ since Vu{xo) ^ 0. 

(2) Now, take a = A2 - Ai - f3y/c > 

From the universal lower bound, we can take /3 = \/2 — 5 for any small ^ > in the following 
argument. 

Case 1. If a;o e dfl, then ^-^(xo) > 0. 

(1.19) Fy = 2 UjUji, + 2auUv 

3 

— 2 ^ ^ hijUiVji 

< by the convexity of dfl. 
This implies that ui = . . . = = 0, hence Vu = at xq. Therefore, we have 

(1.20) F < sup au^. 

o 

Case 2. xq & fl and 

(1.21) (a) Wu{xo) = 0. 
Then by the definition 

(1.22) F{xo) = \^uf (xo) +au'^{xo) = au^{xo) < asupu^. 
Hence 

(1.23) \Vuf + au'^ = F Kasupu^. 

o 

Case 3. xq € Q and 

(1.24) (b) Vu{xo)^0. 
Using 

(1.25) ~ Fi^xo) = 2ujUji + auui — 2uj{uij + auQij) 
and rotating normal coordinates centered at xq, we may assume 

(1.26) Mi(a;o) 7^ 0, 

Ui{xo) =0, i = 2,...,n. 
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Then 

(1.27) un+au = 
which imphes 

(1.28) ufi=a2u2 
so that 

(1.29) ^u|,>a2w2. 
Hence 

(1.30) > 2|VVu|^-2(A2-Ai-a)|Vu|^-2Q!(A2-Ai)u^ + 4y||Vu|^ 

> -2(A2 - Ai - a - \/2c) \Vuf - 2a(A2 - Ai - a)u'^ 

Then 

(1.31) > -2(A2 - Ai - a - V2c) \Vuf - 2a{X2 - Ai - a)u^ 

= 2{-l3y/d + \Plc) I Vu|^ - 2a^^cu^, 

which imphes 

(1.32) (-/? + \/2) \Vuf - a^v? < 
and if /3 < \/2, at xq 

(1.33) IVul^ < — 

''"-/? + 72 

Hence, if /? < a/2, then at a;o 

7 = IVi/P -I- < 4_ 

\/2-/3> 



(1.34) F= IVul^au^ < q;(i + — ^v? 



so that 



(1.35) F =\Vuf ^au^ <a{\ 



which covers all the cases. 
Hence 

(1.36) < 1. 

Normalizing so that supu^ = 1 and integrating along a shortest straight line 7 from x\ where 
|u(a;i)| = sup \u\ to the nodal set \u = 0}, we obtain 



(1.37) diam(M) > / 



Kill 



> 



1 du 



1 . -1 1 
: Sin 



so that 

/ \ 2 

/ 1 \ 1 

(1.38) A2 - Ai - /3yc = a > sin-i 



yTT^; dia„,(M)= 



5 



where 

(1.40) e{P)=sin-^ ^ 



1 



V2-f3 

This finishes the proof of Theorem ll.il 

Formula il.5i will satisfy the hypothesis of Theorem ll.ll if the Hessian of (pi has a lower bound 
(ll.7l i. This will be proved in section two for convex domain. 



Theorem 1.2. For a convex domain f2 with a potential V whose Hessian has a lower bound 
c> 0. Then (Eg holds. 



2 Nonconvex Potential 

For the first eigenfunction ui defined on the domain Vl in Euclidean space, we know that the 
Hessian of ip = — logwi tends to infinity if dO, is strictly convex and ui = on dil. Since 

(2.1) A(^ = |V(^|'-y + Ai, 

we deduce 

If > c > in 51, then we can argue from ( 12.1b that at point x G £7 where is minimum, 
- for j ^ i and 



dXidXj 



(2.3) 

The continuity argument here was used by me in 1980 to handle the log concavity of ui. By 
looking at tV + ''^~*2w^ ^' ' know that when t = 0, min^ > > 0. It follows from M3\ 
that this must be valid when t = 1 also. 

Theorem 2.1. For a Dirichlet problem with > c > 0, the first eigenfunction ui satisfies 
the inequality -^^-jr^ > > 0. 



We shall now treat the case when V is not necessary convex. We shall assume Neumann bound- 
ary condition. 



First of all, we give an upper bound for for Atp. From ( 12.11 ). it is trivial to verify that 



(2.4) A(A^) = 2Wp ■ V(A(p) + 2 |VVv3|^ - AV. 
Since | VViy9|^ > i(A(^)^, we conclude that if A(p achieves its maximum in the interior of fi, 

, ^ ^9 n sup AV 

(2.5) (A(p)2 < ^ . 



On the other hand, if ^ip achieves its maximum on the boundary dVl, 
(2.6) ^— ^ < 0. 



From ( 12. Il l and that ^ = 0, we conclude that 

< 



(2.7) ^^tpi'Pi,, < 



If the second fundamental of dil. has eigenvalue greater than A > 0, we conclude from ( 12.71) that 

(2.8) I^^I^^Aa^- 
Therefore 

(2.9) = \Wip\^-V + Xi 

A oi' 

Theorem 2.2. For the Neumann problem on a convex domain Q, whose boundary have prin- 
ciple curvature greater than A > 0. Then either 



< — /sup At/ or 

Aip<snp[-—-V) +Ai. 
an \X dv J 



In particular for f = — log Mi, | V(/3| — + Ai < ^-^/supj^ VV^ or sup ( + Ai. 

In order to obtain lower estimate of the Hessian of we argue as follows. 

For simplicity we shall assume that our domain is the ball in i?". We shall use polar coordinate 
so that 

or^ r or 
Therefore the operator Ag commutes with A and we obtain 

(2.11) A(Ae(p) = 2^,(Ae^), + 2r"2^</j9^(Ae^)e, 

i 

+2(n-2)r-2^^2^ +2^(^2^^ 
+2r"2^^2^e^ -AeK 

Since we assume the Neumann boundary condition, = along the boundary and so 
{Ae(p)r ~ along the boundary. By the sharp maximum principle, we can assume that Agip 
achieves its maximum in the interior of fl which implies by ( I2.11l i that 

(2.12) supAgifi < ^ ^ rsup{AgVy/^. 

v2 n 

If we compute the upper bound of the spherical Hessian of if, we can apply the same argument 
to find 
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In order to obtain estimate of the full Hessian of we use the equation 

rd{Aip) 



(2-14) a(^) = 2A^ + 



dr 



= 2i^ + 2V,.v(I^)-2|V^|=-f: 



rdV ^rdifi\ 



Similarly 



(2.15) 



dr\ drJ 



-4y + 4A,-2r|^+4Vv-v(!^) 



-2r^{V-Xi)-r-^(r—\ 



+2 



— V -A -r— 

dr ^ dr\ dr ) 

v(r^)f + 2V^.v(r|:(r|)) 



-4V</9- 



drJ' 



Hence of r ^ ( r ^ ) achieves its maximum in the interior of Q., 



(2.16) 



^ a / av\ dV 
dr\ or J or 



Hence in this case, 



If achieves its maximum at the boundary of O, we note that 



(2.18) r—ir^) = ^ n - 1 n-2d^ 

dr\ dr J dr^ r dr r dr 

^ 1 ^ n — 2d(p 

= A<fi--^Aeip 

r-^ r dr 

Since ^ = along the boundary and ■§^(r-§p (''^) ) — ^ ^'^ maximum point, 



2 ,2 ay 2 ^ n-2aV 

(2.19) < -- V,^' - ^ + -Ae(/p 

r^ dr r^ r dr 

2,„. „ _ o a2. 



^3 I \ Qj,2 J J. Qj.2 

2 ,2 dV 2 / 1 ,2 , \ n^V 
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Hence in this case 



(2.20) sup r — r — < - sup 

ar\ dr J n 

Hence either dTTTl l or (IZ20l l hold. 



d r dip\ 1 r -^dV „ 9,,, , x' 



Note that since Aiy9 is the sum of the Hessian of Lp in radial and spherical directions and sum we 
have upper estimate of Hessian in these directions, we have also lower estimate of them in terms of 

Theorem 2.3. For the Neumann problem when i7 is a ball, and ip — — logui, ( 12.731 ) holds 
for spherical Hessian and either A2.17\l or hold for radial Hessian. 

To obtain the full Hessian estimate of if, we need to control (fre and then can be accomplished 
as follows: 

Call ip = r^. Then according to equation ( I2.14l i. we compute 

(2.21) AdVV'l V ct/'^) 2^i/>2- +2VV'V(Ai/') +2c|VV'|V2cV'AV' 

= 2^7/'2. -4VV'.Vy-2V7/;-v(r^) 



+2c|V^r + 2c( -2V^ + 2Ai-r— jV 



+4cV'V</3VV'. 
occurs in the interior, we obtain from ( |2.21| l 



(2.22) > 2 ^ ^Pfj - iViP ■ VV - 2ViP ■ V [r—^ 



dr J 



+A'^^p^ipij'iJjj + 2. 

dV 

-4cyV + 4cAi?/' - 2cr^—tfj. 

dr 

Note that 

(2.23) ^ 1piVi]i^j = Ip'^frr + 2lpr ^ iPrejIpO, + 2 ^ ^/'S, (/^Si 8, V'S j ■ 

Since we have already estimate (prr, tpr and ipeiOj , we conclude that J2 fifij can be estimated 
by IVV'I^. By choosing C large enough, we conclude from (12.231 1 IV-^I^ + c^'^ can be estimated 
from the information of V , W and WV . 

If I V'f/'l^ + ajP' achieves its maximum on the boundary of VL, 

(2.24) < 2 XI ^3^0^^ + ^V'V'i^- 
Note = on dVi, and hence 

(2.25) < ^ipji^ju 

3 

= V««(-2y + 2Ai -r|^) +2(^„^A' --ffV-" 
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where H is the mean curvature of dVl. 

As (y9y = on dVl, we conclude that if | VV'P + achieves its maximum on dVl, 



(2.26) V^+CT^2<gyp 1 /'_2F + 2Ai-r „ , 

an dr J 



T heorem 2.4. Ifip = r^, | V(/3| can be estimated by V, VF, VVF using ^L22\ . and 

This completes estimates for the full Hessian of Lp. 
Incidently (I2.14l i shows that 

(2.27) A(r^ - 2^) = 2V^ ' ^(r^ " 2^) + 2 |V^|^ - r|^. 

Suppose we want to find an upper estimate of — 2ip, we can proceed as follows. For any 
function / such that 



1 -) dV 

(2.28) A/--|V/|'-r— >0 

2 or 

we find that at an interior maximum point of — 2(p + f, we have 



? dV 
(2.29) > 2 iVy^r - 2V(^ • V/ - r— + A/ 



2 



__|V/r_._ + A/. 



Hence the maximum of r^ ~ 2ip + f must occur on the boundary of dVl which is at most 
maxan(-2((j' + /). 

Theorem 2.5. For the Neumann problem with ip — ~ log ui, 

(2.30) r^-2ip + f< max(/ - 2ip) 

or on 

where f is any function satisfies \2.29\ . 

If we normalize u\ so that ui < 1 on 957 then vaas^Q^{~2ip) < and (|2.30l l gives a good growth 
estimate of (p. 

For example, if ^ > 0, we can then take / = and ( 12.30b says that is monotonic decreasing 
which means that ui decays like a Gaussian. 



3 Estimate of gap for more general potential 

We shall improve the estimate that we obtained in section one. 

Let c be any constant greater than supu when u = Let a be a positive constant to be 
determined. Then consider the function 
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(3.1) F = J 1 +alog(c-w). 

(c — U)'' 

Then 

(3.2) Fi = 2{T,UjUji){c - -u)"^ + 2|VupUi(c - u)"^ - aui{c - 

(3.3) Ai^ = 2{Y,u%){c-u)-' + 2i^u^{Au)^){c-u)-' 

+8(^ UjUjiUi){c -u)~^ + 2| Vu|^Au(c - u)~^ 

+6|V«|^(c - «)-^ - a(Au)(c - 
-a|Vu|2(c-u)-2. 

Since u satisfies the Neumann condition and is assumed to be convex, F can not achieve its 
maximum at the boundary of Q as its normal derivative would have to be positive. So we assume F 
achieves its maximum in the interior of fl where V-F = 0. 

If Vu 7^ at this point, we can choose coordinate so that ui ^0 and u, = for i > 1. Then 

(3.4) un{c-u)-^ + \Vuf{c-u)-^ = ^. 
Hence 

(3.5) AF > 2|Vu|^(c-u)~'^-2a|Vup(c-u)-2 

+ y-2(A2-Ai)|Vup(c-w)-2 

+4(inf</.,,)|Vu|2(c-u)-2 
+4a|VMp(c - u)-^ - 2|Vm|''(c - u)-'^ 
-2(A2 - Ai)m(c - m)"^|Vu|^(c - u)-^ 
+a(A2 - Ai)m(c - u)~^ - a\Vu\'^{c - u)"^. 

If we choose a so that 



(3.6) a > 2(A2 — Ai) — 4inf </jjj + 2(A2 — Ai)(sup'«)(c— supw) , 

(3.7) a > 2(A2 — Ai)(sup w)(c — supu)"^. 

Then AF > which is not possible. Hence at VF = 0, Vu = and we obtain 

(3.8) supF < a lege. 

If we choose c= {1 + e) sup u with e > 0, we can choose 

(3.9) a = 2(A2-Ai)(l+e-i)-4inf^ii. 



(Here we assume inf ipa < 0, otherwise we can apply section 1.) 
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Theorem 3.1. Choose a to be f U9l ), then 
(3.10) < V^(log(c) -log(c- 



Therefore 

c 



(3.11) 



V log 



1 r- 

<2^/^. 



Integrating this inequality from u = sup u to u = 0, we find 



(3.12) -^log(l + -) < -V^rf(r!). 

41og(l + i)(i(r!)-2. 



Hence 



a > 



In particular 

(3.13) (A2-Ai)(l + e-i) >21og(l + ijd(f^)-2 + 2inf(/j,, 
Hence 

(3.14) A2 - Ai > 2d(r2)-2exp[(inf 



Theorem 3.2. Let n be a convex domain so that for the first eigenfunction ui of the operator 
—A + V, the Hessian of — logwi is greater than —a. Then the gap of the first eigenfunction of the 
operator — IS. -\- V is greater than 

(3.15) A2 - Ai > 2d(f7)-2 exp(-a(i2(rj)). 

Note that we have estimate a in section 2 already and ( 13.15b does give a gap estimate for arbitrary 
smooth potential. 



Note that Theorem l3. 21 shows that it is possible to estimate A2 — Ai from below depending only 
on the lower bound of the Hessian of potential as long as Vl is convex and d{^)is finite. The estimate 
may not be optimal and it is possible that d{Vl) should be replaced by integral of some function. 



4 Behavior of the ground state 

It is clear from the above discussions that the behavior of the Hessian of the function (f — 
— logui is important. Since 

(4.1) Av3= |Vc/?p-y + Ai. 

It is clear that upper estimate of A(/3 can be used to control the growth of ip and hence the growth of 

Ul. 

Clearly, 

(4.2) A(A(^) = 2 ^ 2 ^ _ 

Let p be a nonnegative function which varnishes on d^, then 

(4.3) A(p2A(p) = 2(pA+ |VpnA(^ + 2pVp- V(Av9) 
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At the point where p^l^^p achieves its maximum, V(p^ Ai^) = and 



(4.4) 



pV(A(^) + 2(A(^)Vp = 0. 



Hence 



(4.5) 



2(pAp- 3|Vp|2)A</7 



Note 



(4.6) 



|Vp- V(^| < |Vp|(v/|V¥^|2 - y + Ai + v/(V^ - Ai)+), 



where (y — Ai)+ is the positive part ofV— Ai. Therefore when achieves its maximum, 



Theorem 4.1. For any function p vanishing at the boundary of Q., p^^^p is bounded from 
afeove/7ysup(pAp-3|Vpp), sup|Vpp, sn^i p^ {IW) + and sup | Vp| ^/(l^ - Ai)+. 

Note that if V grows at most quadratic ally. Theorem 14. 1 1 shows that A(y3 can be bounded from 
above in terms of (Ay)+. Since Ai^ = I V<<3p — V — Ai, \lp\ can not grow faster than the integral of 
— Ai)+ along paths tend to infinity. In particular for the first eigenfunction ui = exp(— (ySi), 
it cannot decay too fast. 
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(4.7) 



> 2{pAp-3\S/p\^)p^Aip + -{p^ALpf 



-4(p2A(^)|Vp|(v/p'A(^ + ^{V - Ai))+ - p^AV. 
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